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A BSTRACT. In [3] we have built an homotopical Turaev-Viro invariant and an 
HQFT from the universal graduation of a spherical category. In the present 
paper, we show that every graduation (G, p) of a spherical category C defines 
an homotopical Turaev-Viro invariant HTV^'^'^^ and an HQFT Ti.'^'^K Fur- 
thermore we show that the Turaev-Viro TQFT will be split into blocks coming 
the HQFT Ti.^P'^'' ■ We show that this decomposition is maximal for the uni- 
versal graduation of the category, which means that for every graduation (G, p) 
the HQFT Ti.'^'^^ is split into blocks coming from the HQFT obtained from 
the universal graduation. 



1. Introduction 

The Turaev-Viro invariant [6] is a quantum invariant of 3-manifold with bound- 
ary. In the original construction, Turaev and Viro used the quantum group [/^(sb) 
to build this invariant. In [T] and [2], the authors generalize the construction to 
spherical categories with invertible dimension. A spherical category is a semisimple 
sovereign category over a commutative ring k such that the left and right traces co- 
incide. The dimension of a spherical category is the sum of squares of dimensions of 
simple objects. The Turaev-Viro invariant of a closed 3-manifold M is a state-sum 
indexed by the colorings of a triangulation of M. The colorings of a triangulation 
T are maps from the set of oriented 1-simplexes to the set of scalar objects (up to 
isomorphism) of a spherical category C. The set of colorings of a triangulation T is 
denoted Col{T). The Turaev-Viro invariant is : 

TVc{M) = Ac ""^^^ ^ ^ ' 

ct^Col{T) 

where Ac is the dimension of the category, rioiT) is the number of 0-simplexes of 
T, Wc is a scalar obtained from the coloring of the 1-simplexes and the trace of the 
category and Wc is a scalar obtained from the 6j-symbols of the category. 

The Turaev-Viro invariant extends to a Topological Quantum Field Theory (TQFT) 
[5] called Turaev-Viro TQFT. In dimension 2+1, a TQFT assigns to every closed 
surface a finite dimensional vector space and to every cobordism a linear map. In 
[3], we show that the Turaev-Viro TQFT comes from an HQFT. An Homotopical 
Quantum Field Theory f4] (HQFT) is a TQFT for surfaces and cobordisms en- 
dowed with homotopy classes of continuous map to a target space X. Roughly 
speaking, the Turaev-Viro TQFT splits into blocks coming from an HQFT [3]. To 
obtain this decomposition, we assign to each spherical category C a group Tc which 
comes from the universal graduation (Fc, |?|) of the category. A graduation of a 
semisimple tensor category is a pair (G,p) where G is a group and p is a map from 
G to the set of isomorphisms classes of scalar objects such that p{Z) = p{X)p(Y) 
if Z is a scalar subobject oi X (g)Y. Using the group Fc we define an homotopical 
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invariant HTVc called the homotopical Turaev-Viro invariant. This homotopical 
invariant will split the Turaev-Viro invariant. More precisely, we observe that every 
coloring c of a triangulation T of a closed 3-manifold M leads to an homotopy class 
Xc G [MjBTc], where BTc is the classifying space of the group Tc and [M,BTc] 
is the set of homotopy classes of continuous map from M to BTc ■ These remarks 
lead to the following homotopical invariant of closed 3-manifolds : 

i/rFc(M,a;) = A-"°(^^ ^ w,W,, 

ceCol{T) 

where x € [M, BTc]. In , we show that the homotopical Turaev-Viro extends to 
an HQFT with target space BTc denoted He and we obtain the following decom- 
position of the Turaev-Viro TQFT Vc- 

Vc(S)= Hc(S,x), 

for every closed and oriented surface S. 

The motivation for this paper was to study the maximality of this decomposition. 
More precisely, we want to define other decomposition of the Turaev-Viro TQFT 
and compare them. To fulfill this objective, we will associate to every graduation 
of a spherical category an HQFT with target space the classifying space of the 
graduation. This HQFT will give the block of the decomposition of the Turaev- 
Viro TQFT and it will be an extension of an homotopical invariant associated to 
a graduation of C. More precisely, for every graduation {G,p) of C we build an 
homotopical Turaev-Viro invariant and this invariant will split the Turaev-Viro 
invariant: 

Theorem l4.3L Let C be a spherical category with an invertible dimension, M he 3- 
manifold, T, be the boundary of M andTo be a triangulation ofY.. For every coloring 
Co G CoI{Tq) and for every homotopy class x G [M, SGJs.Xcq > where x^^ G [SiBG] 
is obtained from cq, the vector : 

HTvf'''\M,co,x)^A-""'^^^+""^^"^/^ J2 w,W,eVci^,To,co) 

is an invariant of the triple (M, x, cq). We have the following equality: 
(1) TVc{M,co)^ J2 HTV^'''''\m,co,x). 

Using the universal property of the universal graduation, we can compare the 
decompositions of the Turaev-Viro invariant obtained from a graduation (G, p) and 
from the universal graduation. The universal property of the universal graduation 
induces a group morphism / : Fc — > G. The group morphism / induced a map F : 
[M, BTc] — > [M, BG], using this map we show that for every graduation (G,p) the 
homotopical Turaev-Viro invariant HTV^'^'^^ comes from the homotopical Turaev- 
Viro invariant iJTF^^^'^'l ' 

Corollary 15. 3L Let C be a spherical category with an invertible dimension, M be 
a 3-manifold, S be the boundary of M andTo be a triangulation of^. For every 
graduation {G,p) ofC, one gets: 

TVciM, Co) = HTV^"^'"^ (M, x, cq) G Vc{^, Tq, cq) 

xe[M,BG] 
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with Co G ColiTo), and 

HTV^'''P\m,x,co)= HTV^^'^'\''\\M,y,co), 

where F is the map induced by the universal graduation {Tc, |?|). 

For every graduation {G,p) of C, we prove that the homotopical invariant HTV^ ' 
extends to an HQFT Ti'^'^^ with target space BG and we show that for every grad- 
uation (G,p) the HQFT Tif'''^ will split the Turaev-Viro TQFT: 

Vc(S)= Ht'\^), 

xe[S,BG] 

for every closed and oriented surface S. Using Theorem 14.31 and Corollary 15.31 
we show that the decomposition of the Turaev-Viro TQFT given by the universal 
graduation is maximal: 

Theorem 17. IL Let C be a spherical category, {G,p) be a graduation of C. The 
Turaev-Viro HQFT obtained from the graduation {G,p) is decomposed in the fol- 
lowing way: 

for every closed surface S, and for every x G [^,BG], the map F : ['E,BTc] 
[SjBG] is the map obtained from the universal graduation (Lemma \5.1]} . 

The rest of the paper is organized as follows. In Section [21 we review several facts 
about monoidal categories and we define the universal graduation of semisimple ten- 
sor categories. In Section^ we recall the construction of the Turaev-Viro invariant. 
In Section [H we will build an homotopical Turaev-Viro invariant for every gradu- 
ation {G,p) of a spherical category C. Furthermore we show that the homotopical 
Turaev-Viro invariant HTV^'^'^^ splits the Turaev-Viro invariant (Theorem I4.3p . 
In Section m we compare the different splittings of the Turaev-Viro invariant. We 

show that The Turaev-Viro invariant and the homotopical Turaev-Viro invariant 

(y I ? n 

are obtained from the homotopical Turaev- Viro invariant HTV^ (Corollary 
15. 3p . In Section [6l we extend the homotopical invariant build forma graduation to 
an HQFT. The target of this HQFT will be the classifying space of the graduation. 
In Section [71 we prove Theorem 17. 11 it follows that the Turaev-Viro TQFT and the 
Turaev-Viro HQFT obtained from any graduation of C are decomposed into blocks 
which come from the Turaev-Viro HQFT obtained for the universal graduation. 

Notations and conventions. Throughout this paper, k will be a commutative, 
algebraically closed and characteristic zero field. Unless otherwise specified, cate- 
gories are assumed to be small and monoidal categories are assumed to be strict 
and spherical categories are assumed to be strict. 

Throughout this paper, we use the following notation. For an oriented manifold 
M, we denote by M the same manifold with the opposite orientation. 

2. Graduations of tensor categories 

In the present Section, we review a few general facts about categories with struc- 
ture, which we use intensively throughout this text. 

Let C be a monoidal category. A duality of C is a data {X,Y, h), where X 
and Y are objects of C and e : X Y ^ 1 {evaluation) and h : 1 Y X 
(coevaluation) are morphisms of C, satisfying: 

{e iS)idx){idx ® h) — idx and (idy (8) e)(ft. idy) = idy . 
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If {X, Y, e, h) is a duality, we say that {Y, e, h) is a right dual of X, and {X, e, h) is 
a left dual of Y. If a right or left dual of an object exists, it is unique up to unique 
isomorphism. 

A right autonomous (resp. left autonomous, resp. autonomous) category is a 
monoidal category for which every object admits a right dual (resp. a left dual, 
resp. both a left and a right dual). 

If C has right duals, we may pick a right dual {X^ ,ex,hx) for each object X. 
This defines a monoidal functor : C ^ C defined by X ^ and f ^ f'^'^ , 
called the double right dual functor. 

Sovereign categories. A sovereign structure on a right autonomous category C 
consists in the choice of a right dual for each object of C together with a monoidal 
isomorphism </> : Ic ^?^^, where Ic is the identity functor of C. Two sovereign 
structures are equivalent if the corresponding monoidal isomorphisms coincide via 
the canonical identification of the double dual functors. 

A sovereign category is a right autonomous category endowed with an equivalence 
class of sovereign structures. 

Let C be a sovereign category, with chosen right duals {X"^ , ex, hx) and sovereign 
isomorphisms 4>x '■ X X^^. For each object X of C, we set : 



Then [X^ ,€x.rjx) is a left dual of X. Therefore C is autonomous. Moreover 
the right left functor ^? defined by this choice of left duals coincides with ?^ as a 
monoidal functor. From now on, for each sovereign category C we will make this 
choice of duals. 

The sovereign categories are an appropriate categorical setting for a good no- 
tion of trace. Let C be a sovereign category and X be an object of C. For each 
endomorphism / e Horn c{X,X), 



is the right trace of /. We denote by dimr(X) = tiri^idx) (resp. dimj(X) = 
tviiiAx)) the right dimension (resp. left dimension) of X. 

Tensor categories. By a h-linear category, we shall mean a category for which 
the set of morphisms arc k-spaccs, the composition is k-bilinear , there exists a null 
object and for every objects X, Y the direct sum X ®Y exists in C. 

A k-linear category is abelian if it admits finite direct sums, every morphism has 
a kernel and a cokernel, every monomorphism is the kernel of its cokernel, every 
epimorphism is the cokernel of its kernel, and every morphism is expressible as the 
composite of an epimorphism followed by a monomorphism. 

An object X of an abelian k-catcgory C is scalar if Hom,c{X, X) = k. 

A tensor category over k is an autonomous category endowed with a structure 
of k-Hnear abelian category such that the tensor product is k-bihnear and the unit 
object is a scalar object. 

A k-lincar category is semisimple if : 

(i) every object of C is a finite direct sum of scalar objects, 

(ii) for every scalar objects X and Y, we have : X S F or Homc{X, Y) = . 

A semisimple k-category is a semisimple abelian k-linear category and every 
simple object is a scalar object. Notice that in a semisimple abelian k-category 
every scalar object is a simple object. By a finitely semisimple k.-category we shall 



ex = exv(idxv (g) (f>x) and rjx = {<j>x ® idxv)/ixv . 




ex(idxv ® f)hx G Homc{l, 1) 



exif idxv)?7x G Homc{l, 1) 
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mean a semisimple k-category which has finitely many isomorphism classes of scalar 
objects. The set of isomorphism classes of scalar objects of an abelian k-category 
C is denoted by Ac- 

Graduations. Let C be semisimple tensor k-category and G be a group. A G- 
graduation of C is a map p : G ^ Kq satisfying : 

• p{Z) = p{X)p{Y), for every scalar objects X, Y, Z such that Z is a subobject 

of a: ® y. 

A graduation of C is a pair (G, p) , where G is group and p is a G-graduation of 

C. 

By induction, the multiplicity property of a graduation can be extended to n- 
terms. 

In [Hj, we prove that every semisimple tensor k-category admits an universal 
graduation: 

Proposition 2.1 ([3]). Let C be a semisimple tensor k-category. There exists 
a graduation (Fc, |?|) of C satisfying the following universal property : for every 
graduation {G,p) of C, there exists a unique group morphism f : Tc ^ G such that 
the diagram: 




commutes. 

Let C be a semisimple tensor k-category, the group Fc which defines the universal 
graduation (Fc, |?|) is called the graduator of C. The graduator can be used to 
describe the sovereign (resp. spherical) structures of a sovereign (resp. spherical) 
category [3]. 

Example. The graduator of the category of representations of finite dimension of 

Uq{5{„) is Z„ 

Spherical categories. A spherical category is a sovereign, finitely semisimple ten- 
sor k-category satisfying: 

• for every object X oi C and for every morphism f : X ^ X : trr(/) = 
tr;(/). 

A spherical structure on C is a sovereign structure on C such that C is a spherical 
category. 

From now on, for every spherical category the left and right trace (resp. dimen- 
sion) will be denoted by tr (resp. dim). 

The dimension of a spherical category is the scalar : Ac — ^ dim(A')^ G k. 

xeAc 

From now on, unless otherwise specified, spherical categories are assumed to have 
an invertible dimension. 

3. The Turaev-Viro invariant 

In this Section, we recall the construction of the Turaev-Viro invariant. For 
further reading on the Turaev-Viro invariant, we refer the reader to [6] (the orig- 
inal construction), [T] (the construction using a spherical category), [2] and [5]. 
Throughout this Section, C will be a spherical category. 
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An orientation of a n-simplex is a map o : Num{F) —^ {±1}, where Num{F) 
is the set of numberings of F, invariant under the action of the alternated group 

Let T be an oriented simplicial complex, we denote the set of oriented p-simplexes 
hy TP . A coloring of T is a map c -.T^ Ac satisfying : 

(i) c{xiX2) = c(a;2a;i)^, for every oriented 1-simplex {xiX2)., 

(ii) the unit object 1 is a subobject of c{xiX2) ® c{x2X3) ® c{x3Xi) for every 
oriented 2-simplex {xiX2Xz). 

We denote by Col{T) the set of colorings of T . 

Let / be an oriented 2-simplex, c be a coloring of T and v — {X1X2X3) be a 
numbering of / compatible with the orientation of /. Set : 

ydf, c)^ = Homc{l, c{xiX2) (81 c{x2X3) (X) c{x3Xi)) . 

The vector space Vc{f, c) does not depend on the choice of the numbering com- 
patible with the orientation (e.g. [1], [2], [^). From now on, the vector space 
Vc(/, c)j^, with v = {X1X2X3), will be denoted by Vc{xiX2X3, c). If there is no 
ambiguity on the choice of the coloring c, then Vc{xiX2X3,c) will be denoted by 

VcixiX2X3). 

Let us recall some properties of the vector space defined above. For every scalar 
objects X, Y and Z, we set: 

(2) uc ■■ Hom,c{l,X(g> Y (g) Z) (g)i, Homc{l, Z'^ ®Y^ ® Z^) ^ k* 

f ® 9 ^ g) . 

For every spherical category C, the bilinear form ujq is non degenerate (e.g. [l], [2], 
[5]). Let / be an oriented 2-simplex, we denote by / the 2-simplex / endowed with 
the opposite orientation. Let c be a coloring of /, the bilinear form ^ induces: 

VcU,cY ^Vc(f,c). 

In the construction of the Turaev-Viro invariant, we assign to every oriented 
3-simplex of a 3-manifold M, endowed with a coloring, a vector which lies in the 
vector space defined by the faces of the 3-simplex. The vector assigned to each 
3-simplex is obtained by the 6j-symbols of the category. A contraction of these 
vectors along the 2-simplexes contained inside the 3-manifold M leads to a scalar if 
the manifold M is without boundary or to a vector in Vc(/, c) if the manifold 

M has a boundary dM . We denote this vector (or scalar) by Wc-, for every coloring 
c. 

We introduce some notations. Let S be an oriented closed surface endowed with a 
triangulation Tg- For every coloring cq of To, we set : Vc(S, Tq, cq) — ^(/, cq) 

and Vc{^, To) = Vc{^, Tq, c). Let M be 3-manifold with boundary E and 

ceCol{To) 

T be a triangulation of M such that its restriction to S is Tq- For every coloring cq 6 
CoI(Tq), we denote by ColcgiT) the set of colorings of T such that the restriction 
to To is Cq. With this notation, for every coloring c G Colco{T), we have: Wc € 

1 /2 

Vc(S, To, Co). Furthermore we choose a square root AgJ of Ac. 

For every scalar object X of C, we set dim(Ar)^/^ a square root of dim(Ar). The 
equalities dim(X)i/2 = dim(A:^)i/2 and dim{X) = dim(A:^) ensure independence 
of dim(c(e)), dim(c(e))^/^ of the choice of the orientation of e, for every coloring c. 

Theorem 3.1 (Turaev-Viro invariant [1], [2], [5], [6J ). LetC be a spherical category 
with an invertible dimension, M he a compact oriented 3-manifold and dM he the 
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boundary of M endowed with a triangulation Tq. For every coloring co £ CoHTq), 
we set : 

(3) 

Tyc(M,co) = Ac"0<^'+"0<^0>''" ^ dim(co(e))i/" Y\ dim(c(e)) We S y(9M, cqTo) , 

ceCoieo(T) eETi eeri\r,i 

where nQ{T) (resp. no{To)) is the number of 0-simplexes ofT (resp. Tq) andT^\TQ 
is the set of 1-simplexes of M\dM . For every coloring cq G CoI{Tq), the vector 
TVc(Af, Co) is independent on the choice of the triangulation of M which extends 
Tq. The Turaev-Viro invariant is the vector: 

TVc{M)= TVciM,co)eVcidM,To)= V{dM,To,co). 

coGCoi(To) coeCol(To) 

From now on, for every coloring c G ColcgiT) we denote by Wc the scalar 
n dim(co(e))i/2 Y[ dim(c(e)). 

4. The homotopical Turaev-Viro invariant 

In this Section, we will extend the construction of the homotopical Turaev-Viro 
invariant defined in [3|. More precisely, the homotopical Turaev-Viro invariant was 
built using the graduator of a spherical category. Furthermore we will define an 
homotopical Turaev-Viro invariant for every graduation of a spherical category with 
an invertible dimension. 

4.1. G-colorings. Throughout this paragraph C will be a finitely semisimple tensor 
k-category and G will be a group. 

Let T be a simplicial complex. A G-coloring c of T is a map : 

c:T^^G 
e ^ c(e), 

satisfying : 

(i) for every oriented 1-simplex {X1X2) of T: c{xiX2) — c{x2Xi)^^ , 

(ii) for every oriented 2-simplex (a:iX2a;3) of T: c{xiX2)c{x2X3)c(x3Xi) — 1 . 

We denote by CoIg{T) the set of G-colorings of T. 

In , we define an action on the set of G-colorings of T using the gauge group 
of T. A gauge of T with value in G is a. map 5 : T^ ^ G and we denote Qj^ the 
gauge group of T with value in G. The action is defined in the following way: 

(4) X CoIg{T) GoIg{T) 

where is the G-coloring : c^{xy) = S{x)c{xy)S{y)~^ , for every oriented 1-simplex 
(xy). We denote by CoIq{T)/Q^ the quotient set of CoIg{T) by the action of the 
gauge group . We have the following topological interpretation of CoIg{T)/Q^: 

Proposition 4.1 ([3J). Let T be a simplicial complex, C be a semisimple tensor 
h-category and G be a group. The map : 

CoIg{T) Fun{-Ki{T),G) 
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where Fc is the functor which sends every 0-simplex of T to the unique object of G 
and sends every oriented 1-simplex {xy) to c{xy), induces the following isomorphism 

(5) ColG{T)/g^ - Fun(7ri(T), G)/(^so) ^ [\T\,BG] , 

where [\T\,BG] is the set of homotopy classes of continuous maps from the topo- 
logical space \T\ to the classifying space BG. 

Let us recall the topological interpretation of the G-colorings, in the case of 
manifolds with boundary. 

Let M be a 3-manifold, E be the boundary of M and Tq be a triangulation of 
S. We set CoIg,co{T) the set of G-colorings of T such that the restriction to Tq is 
Co- In this case we consider the gauge action which does not change the G-coloring 
on the boundary, i.e. the restriction of to Tq is cq. 

For every functor Fq : 7ri(To) G, Fun{'Ki{T),G)Fo is the set of functors F 
from 7ri(T) to the groupoid G such that the diagram : 



^i(T)^-^G 




7ri(To) 

commutes, with i is the inclusion functor. We denote by Fun{Tri{T) , G) Fq / (iso) 
the set of isomorphisms classes of functors such that the restriction of the natural 
isomorphisms to 7ri(To) is idFo- 

Proposition 4.2. (^) Let C be a semisimple tensor h- category, T be a simplicial 
complex and Tq be a subcomplex of T . For every coloring cq e Col{Ta), the map: 

CoIg,co{T) ^ Fun{^i{T),G)F^„ 
c^Fc, 

where the functor Fc sends every 0-simplex ofT to the unique object of the groupoid 
G and every oriented 1-simplex (xy) to c{xy), induces the following isomorphism : 

(6) ColG^co{T)ig^ ^ Fun{n^{T),G)F^J{iso) . 

From now on, C is a spherical category and (G,p) is a graduation on C. 

Let us introduce some notations. Let M be a 3-manifold and T be a triangula- 
tion of M . By definition of the graduation, for every coloring c G Col{T), pc is a 
G-coloring of T. Then for every x g [M, BG], we denote by CoI(^g,p),x{T) the set of 
colorings c of T such that the equivalence class [pc\ in CoIg{T)/Qj' corresponds to x 
(bijectionlH). We obtain a partition of the set GoZ(T): Gol{T) = JJ^ Gol^G,p),xiT). 

xe[M,BG] 

If c e Col(T), we denote by Xc G [M, BG] the homotopy class associated to pc. 

Let M be a 3-manifold, S be the boundary of M and To be a triangulation 
of S. For every homotopy class xq S [^,BG], we denote by [M, BG]^^xo the set 
of homotopy classes of maps from M to the classifying space BG such that the 
homotopy class of the restriction to S is a;o. Thus for every coloring cq G Gol{To) 
and for every triangulation T of M such that the restriction to S is Tq, we have: 

(7) ColG,co/ig?) = Fun{7ri{T),G)F^J{iso) - [M,BG]s.x.„ • 

For every coloring cq G Gol{To) and for every homotopy class y G [M, BG]s,x^g , 
we denote by Col(^G,p),CQ,y{T) the set of colorings c G Gol{T) satisfying : 

• CTo = Co, 
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• the equivalent class [pc] G CoIg^co/Qt corresponds to y £ [M,BG]^^x^g by 
the bijections Q. 

Let us define the homotopical Turaev-Viro invariant obtained from the gradua- 
tion {G,p). 

Let M be a 3-manifold, S be the boundary of M, Tq be a triangulation of S and 
Co e CoI{Tq). We can break up the Turaev-Viro state sum in the following way: 



^ ^_„„(T)+„o(To)/2 ^ ^ ^^^^^ 

a;e[A/,SG](E,, ) ceColt^G.p). CO. AT) 



weset: Hrvj^'''HM,x,co) = A-""^"^^"-""^^"'/' E 



The vector HTV^^'^\m, x, cq) is an invariant for the triple (M, cq). The proof 
of the invariance is similar to the proof given in [3] (Theorem 4.6). 

Theorem 4.3. Let C he a spherical category with an invertible dimension, M be 3- 
manifold, £ be the boundary of M and To be a triangulation ofTi. For every coloring 
Co G GoI{Tq) and for every homotopy class x £ [M, BG]^,x^g , where Xcg & [Y,,BG] 
is obtained from cq, the vector : 

i/rT/i^'^)(M,co,x) = A-""^'^^+""^^°'/' E w,W,eVc{J:,To,co) 

is an invariant of the triple (M, x, co). We have the following equality: 

(8) TVciM,co)= J2 HTV^''''\m,co,x). 

The vector HTV^^'^^ is the {G , p) -homotopical Turaev-Viro invariant. The ho- 
motopical invariant defined in j3j is the {Tq, |?|)-homotopical Turaev-Viro invariant. 

5. Maximal decomposition of the Turaev-Viro invariant 

Every graduation of a spherical category defines an homotopical Turaev-Viro 
invariant and a splitting of the Turaev-Viro invariant. We will compare these 
homotopical invariants. Throughout this Section, C will be a spherical category. 

Let {G,p) and {H, q) be two graduations of C. A morphism of graduation f from 
{G,p) to {H,q) is a group morphism f : G ^ H such that the diagram: 

Ac 

o 
H 

commutes. Notice that in the category of graduations of C, where objects are the 
graduations of C and morphisms are the morphisms of graduation, the universal 
graduation is the unique initial object (up to isomorphism). 

Lemma 5.1. Let T be a simplicial complex, C be a finitely semisimple tensor 
category, {G,p) and {H,q) be two graduations of C and f : {G,p) {H,q) be a 
morphism of graduation. The morphism of graduation f induces the following map: 

(9) F : ColG{T)/gff ^ GolH{T)/g^ 

[c] ^[f oc]. 
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Proof. Let us show that the map ^ is well defined. First since f : G ^ H is a 
group morphism then for every G-coloring c, fc is a i?-coloring. Let us show that F 
does not depend on the choice of the representative. Let c G CoIg{T) and 5 G , 
for every oriented 1-simplex {xy), one gets: 

f{c'){xy) = f{5{x)c{xy)5{y)-^) 

= fS{x)fc{xy){fS{y))-' 

^{fc)f\xy). 

Thus the map F is well defined. □ 

Lemma 15.11 asserts that if there is a group morphism between two graduation 
then we can relate the set of colorings (up to gauge actions) since the homotopical 
Turaev-Viro invariants are state-sum invariants indexed by the set of colorings, we 
can relate those invariants. 

Theorem 5.2. Let C be a spherical category with an invertible dimension, M be 
a 3-manifold, S be the boundary of M , Tq be a triangulation of E. For every 
graduations {G,p) and {H,q) of C such that there exists a morphism of graduation 
f : {G,p) {H,q), we have: 

(10) HTV^''''\m,x,co)= J2 HTV^'''P\M,y,co) 

yeF'\x) 

where F : [M,BG] [M,BH] is the map induced by f (Lemma \5.1]) . 

Proof. Let us recall that for every coloring cq G CoHTq) and for every homotopy 
class X G [M, BH]^^xo where Xq G \T,,BH] is the homotopy class obtained from cq 
the vector i/TV"^^^'*'' (M, x, cq) is the state sum: 

Using Lemma [mi we have the map: 

F : ColG{T)/g^ ^ ColH{T)/g^ 
[c] - [fc] , 

the map F induces a map F : [M : BG] [M,BH] (Proposition 14. ip . It follows 
that for every c G Col(^H,q),x.co{T) we have : c G Golco{T) and F([pc]) — [fpc] = [qc] 
thus the homotopy class y G [M,BG] defined by [pc] belongs to the set F^^{x). 
We have shown that : Co^(^ j, (r) C Gol(^Q pyy ,.g{T). Let us show 

that for every y G F^^{x) and for every cq G GoI{Tq) we have : Gol(^Qp) y coiT) C 
Col(^H,q),x,co{T)- Let c G Gol(^G,p),y,co{T), it follows that c G Colco{T) and [qc] = 
[/pc] = F([pc]), since y G F~^{x) one gets that the homotopy classes defined from 
the class [qc\ is x. It follows: 

i/rT4^''')(M,x,co) = Ac"°(^)+"°(^°)/^ w,W, 

CeCol(H.q),CQ.x 

^ ^-no(T)+„o(To)/2 ^ ^ ^^^^ 

= HTV^''"'\M,y,co). 

VGF-^x) 

□ 
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Notice that if we consider the trivial graduation we obtain the Turaev-Viro in- 
variant. 

By definition of the universal graduation and using Theorem l5.2l we can conclude 
that the splitting given by HTV^^'^'^'^^ is maximal. 

Corollary 5.3. Let C be a spherical category with an invertible dimension, M be 
a 3-manifold, S be the boundary of M and Tq be a triangulation of^. For every 
graduation {G,p) ofC, one gets: 

TVciM,co)= HTV^''^''\M,x,co)eVc{^,To,co) 

x£[M,BG] 

with Co G CoHTq), and 

HTV^'^'''\m,x,co)= HTV<^^<^'\'-\\M,y,co), 

where F is the map induced by the universal graduation {Tc, |?|). 

Example. Lens spaces L{p,q), with 0<q<p and (p,q)=l, are oriented compact 
3-manifolds, which result from identifying on the sphere = {{x,y) € | |.Tp + 
Ij/P = 1} the points which belong to the same orbit under the action of the cyclic 
group Zp defined by {x,y) i-^ (wx,w'^y) with w — exp{2iTT/p). 

A singular triangulation of L{p, q) is obtained by gluing together p tetrahedra 
(ai, 6i, Ci, di), z = 0, ...,p — 1 according to the following identification of faces (i + 1 
and i + q are understood modulo p): 

(11) (aj,6i,Ci) = (ai+i,&.j+i,Ci+i) 

(12) {ai,bi,Ci) = {bi+q,Ct+q,di+q) 

The identification of (fTTI) can be realized by embedding the p tetrahedra in Eu- 
clidean three-space, leading to a prismatic solid with p + 2 0-simplexes a,b,Ci, 
2p external faces, ip external edges and one internal axis (a, 5). Then formula 
(fT2l) is interpreted as the identification of the surface triangles {a,Ci,Ci+i) and 
{b,Ci+q,Ci+i+q). A coloring of L{p,q) is determined by the colors of the edges : 
(ab), (ciCi+i) and (bci) such that the triple is admissible. From now on, a coloring 
c of L(p, q) will be denoted by (c(a6), c(ciCi+i), c{bci)) . 

In [3], we have shown that for the category of representation of Uq{sl2) with q 
root of unity, there are two homotopical classes in [L{p, g), BZ2] and we have: 

TV^£/,(.b)(i(p,9)) = A£},%(,) E ^^^^ 

c=(X.Z,Yi) 

( \ 

(13) =^u'i.i.) E E 

1 c=(X,Z,Yi) c={X,Z,Yi) I 

\ |X| = 1 \x\ = -i I 

where HTVo{L{p, q)) (resp. HTVi{L{p, q))) is the state sum A'^^^j^j E WcWc 

c=(X.Z,Yi) 
|X| = 1 

(resp. A^^j^j^^ E WcWc). The state sum HTVq is the homotopical 

c=(X,Z,Yi) 
\X\ = -1,\X\'' = 1 

Turaev-Viro invariant for the trivial homotopy class, and HTVi is the homotopical 
Turaev-Viro obtained for the other homotopy class. 

Let us describe the decomposition of the homotopical Turaev-Viro invariant de- 
fined for a graduation {G,p) of Uq{sl2). Using the universal property of the grad- 
uator, one get a morphism of graduation: / : {G,p) (Z2, |?|). This morphism 



12 



JEROME PETIT 



induces a map: F : [L{p,q), BIj2] [L(ji,q), BG] and Corollary 15.31 gives the 
following equality: 

HTV^':(:Um,^,co)^ Y: HTV^J^^;^\^{M,y,co), 

6. The Turaev-Viro HQFT 

In the present Section, we recall the construction of the Turaev-Viro TQFT and 
we will show that for every graduation of a spherical category, we can obtain a 
Turaev-Viro HQFT which splits the Turaev-Viro TQFT. Furthermore we will show 
that the splitting obtained using the universal graduation is maximal. Throughout 
this Section C will be a spherical category. 

6.1. The Turaev-Viro TQFT. 

Cobordisms category. Let S and S' be two oriented closed surfaces, a cobordism 
from E to E' is a 3-manifold whose boundary is the disjoint union : S ]J S'. Let M 
and M' be two cobordisms from E to E', M and M' are equivalents if there exists 
an isomorphism between M and M' such that it preserves the orientation and its 
restriction to the boundary is the identity. 

The cobordism category is the category where objects are closed and oriented 
surfaces and morphisms are equivalent classes of cobordisms. The cobordism cate- 
gory is denoted by Cobi+2- The disjoint union and the empty manifold define a 
strict monoidal structure on Cobi+2- 

TQFT. A TQFT is a monoidal functor from the cobordism category to the cate- 
gory of finite dimensional vector spaces. 

Let us recall the construction of the Turaev-Viro TQFT. Let E be an oriented 
closed surface and T be a triangulation of E. We associate to the pair (E,T) 
a vector space Vc(E,T) = V{f,c), where V{f,c) = Homc{l,c{01) (S) 

ceColiT) feTg 

c(12) (X>c(20)) for every / = (012). The vector space V{f, c) does not depend on the 
choice of a numbering which respects the orientation. Since the category C is the 
semi-simple, the vector space Vc(E,T) is dual to Vc(E,r), the duality is induced 
by the trace of the category ([5], [2] and [3]). 

Let E (resp. E') be an oriented surface endowed with a triangulation T (resp. 
T') and M be a cobordism from E to E', for every colorings c G Col(T) and c' G 
Col{T') we have the following vector : TVc{M, c, c') G Vb(E, T, c) ® Vc(E', T', c') 
Fc(E,T,c)* ® Vb(E',r',c'). The vector spaces VciT,,T,c) and Vc(E',T',c') are 
finite dimensional vector spaces, thus we can build the following linear map : 

TVciM),^,, : yc(E,T,c) ^ l^c(E', T', c') , 
thus the matrix i TVc{M)c,c' ) defines the following Hnear map : 

V J ceCol(T),c'eCol{T') 

[M] = fTW(M)c,c') : Vc{^,T) ^ Fc(E',T') . 

V / ceCol{T),c'eCol{T') 

By construction of the Turaev-Viro invariant (Theorem 1.8 [5j), we have the follow- 
ing relation : [M' Us' M] = [M'] o [M] and the map [Ex/]: V2;(E,T) ^ Vb(E,T) 
is an idempotent denoted by ps,T. We set Vc(E, T) = im(ps.T) and for every 
cobordism M : E ^ E' we denote by Vc{M) = [Mj^^^p^ the restriction of [M] to 
im(pi;^T). It follows that the vector space Vc(E,T) is independent on the choice of 
the triangulation T. From now on, we will denote by Vc the Turaev-Viro TQFT, 
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for every closed surface S we denote by Vc(S) the vector space associated to S and 
for every cobordism M we denote by Vc{M) the linear map associated to M. 

6.2. The Turaev-Viro HQFT. 

S-manifolds. Let i? be a d-dimensional manifold, a d- dimensional B-manifold is 
a pair {X,g) where X is closed d-manifold and .g : X — > _B is a continuous map 
called characteristic map. 

A B-cohordism from {X,g) to {Y,h) is a pair {W,F) where is a cobordism 
from XtoY and F is a relative homotopy class of a map from W to B such that 
the restriction to X (resp. Y) is g (resp. h). From now on, we make no notational 
distinction between a (relative) homotopy class and any of its representatives. 

Let {W,F) : (M,.g) ^ {N,h) and {W , F') : [N' ,h') -4 (P, /c) be two B- 
cobordisms and : N —> N' he a diffeomorphism such that /I'l/" — h. The 
composition of i3-cobordisms is defined in the following way: {W ,F') o [W,F) = 
{W U M^, F.F'), where F.F' is the following homotopy class : 



F.F'ix) = I 



F{x) xeW 
F'{x) xeW 

Since h''^ = h, the map F.F' is well defined. 

The identity of {X,g) is the -B-cobordism {X x /, Ig), with Ig the homotopy 
class of the map: 

X X I ^ B 
{x,t) t-^ g{x) 

The disjoint union of S-cobordisms is defined in the same way of disjoint union 
of cobordisms. 

The category ofd+1 B-cobordisms is the category whose objects are (i-dimensional 
B-manifolds and morphisms are isomorphism classes of S-cobordisms. The cate- 
gory of d + 1 i3-cobordism is denoted by Hcob{B, d + 1), this is a strict monoidal 
category. 

HQFTs. A d+1 dimensional HQFT with target space i? is a monoidal functor from 
the category Hcob{d + 1, -B) to the category of finite dimensional vector spaces. 

The vector space obtained from a S-manifold only depends (up to isomorphism) 
on the manifold and the homotopy class of the characteristic map (0]). 

6.3. The construction of the Turaev-Viro HQFT. In [3], we have built the 
Turaev-Viro HQFT using the universal graduation. To build this HQFT we use the 
homotopical Turaev-Viro invariant HTV^'^ ' ' ' Since we have built an homotopical 
Turaev-Viro invariant for every graduation {G,p) of a spherical category C, we will 
obtain in the same way a Turaev-Viro HQFT. In this case the target space will the 
classifying space of the group of the graduation. Throughout this Section, (G,p) 
will be a graduation C. 

From now on, for every homotopy classes x G \T,,BG\ and x' G [S',i3G] we 
denote by [M, BG](^-^,x).Xt,' ,x') the set of homotopy classes of [Af, BG] such that the 
homotopy class of the restriction to S (resp. S') is x (resp. x'). 

For every oriented surface S endowed with a triangulation T, we have the fol- 
lowing decomposition: 

Vc{T.,T)^ T/c(S,T,c)= V^c(S,T,x), 

xe[-s,,BG]ceCoi^G,p)AT) xgP.bg] 

with yc(S,T, a;) = Vb(S,T,c). 
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Let M be a cobordism from (S, T) to (I]',T'), c be a coloring of T and c' 
be a coloring of T' . For every homotopy class y G [M, -BG](s,a;<,),(E',a;^,) , the vector 
HTV^^'^\M,y,c,c') £ Vc(S, T, c)* 0Pc(S', T', c') induces the following linear map 



HrFj^'P)(Af,y,c,c') : Vc{^,T,c) ^ T/c(S, T', c') . 
Let a; G [S,i3G] and x' G [T,,BG], for every y e [M, i3G](s,a;),(E',a;') the ma- 
trix ( HTV^^'^^ (M, c, c') ) defines a map from (S, T, x) to 
^c(S',T',x'): 



( i/TV^c'^'P) (M, y, c, c') ) : Vc (S, T, x) ^ Fc(S', T', x') . 

This map is denoted by HTV^^'^\m, y)^,^,. 

Let S be a closed and oriented surface, the inclusion E ^ S x / is a deformation 
retract, thus there exists a unique homotopy class y G [S x /, BG] such that the 
homotopy class of the restriction to S x {0} is x. More precisely, y is the homotopy 
class of the following map : 

T,x I ^ BG 
(z, t) x{z). 

and we have: [S x /](s,x),(S',x') = 10^ otherwise ■ denoted by p\.f^l the 
idempotent HTV^^'^\t. x 



c 

For every closed surface S endowed with a triangulation T, we set : W^^'^'' (S, T, x) 
im(p^^y^^) . Let be a cobordism from (E,T) to (S',T'), for every x G [S,BG], 
x' G [S',-BG] and y G [Af, BG](e,x),(S',x')> we denote by W^^'^\M,y)^^^, the re- 
striction oflfrVciM, y)^,^, to the vector spaces W^*^'^^ (E, T, x) and W^^'^^ (S', T', x') 
For every closed surface S and for every triangulations T and T' of S, the linear 
map wf'^\T. X 7,1:^):,,^ : wf'^\T,,T,x) wf'^\T,,T',x) is an isomorphism. 
Thus the space W^'^\^,T, x) doesn't depend on the choice of the triangulation. 

Similarly to [3], where the HQFT is obtained from HTV^^'''^'-^\ we have the 
following HQFT: 

Theorem 6.1. Let C be a spherical category and (G,p) he a graduation onC. We 
set : 

(14) nf'^'^ : Hcob{BG, 2 + 1) ^ vectt 

(S,g)^wf'^)(S,g), 
(A/,F) ^ wf'^\M,F), 

where the vector space W^'^'^^(I],g) is defined for the homotopy class of g. The 
functor Ti.^'^^ is a 2 + 1 dimensional HQFT with target space the classifying space 
BG. 



To obtain the splitting of the Turaev-Viro TQFT, we will use the splitting of the 
idempotent which defines the Turaev-Viro TQFT [Sj. 
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Lemma 6.2. Let C be a spherical category, {G,p) be a graduation ofC. For every 
surface S endowed with a triangulation T , we have : 

xe[S,BG] 

Proof. For every 3-manifold M with boundary S, for every triangulation T of S and 
for every coloring c e Col{T), we have : TVb(M, c) = ^ RTvf''^\M, x, c). 

f l^r if X = 

if M = S X /, then we have [S x /](s,2:),(s',a;') = S otherwise ' f^llo^*^ ^^at 

if c,c' e CoI^^'^\t) then rt/c(S x /, c, c') = HTV^^'^\y. x /, 1^,c,c') and if 
c e Colf'^\T) and c' € CoI^^'^\t) with x ^ x' then TT/c(S x /,c,c') = 0. one 
getsps,T= Ps^T^i- □ 

Using Lemma [d!2l and Theorem[8l one gets that for every graduation of a spheri- 
cal category gives a decompositions of the Turaev-Viro TQFT and the blocks come 
from an HQFT, whose target space is given by the classifying space of the gradua- 
tion. 

Theorem 6.3. LetC be a spherical category with an invertible dimension and {G,p) 
be a graduation ofC. The Turaev-Viro TQFTVc is obtained from the HQFTnf'^^ 



Vc(E)= Hc(S,x). 

2:e[S,BG] 

For every cobordism M : Eq ^ and for every G [Eo,i3G], xi £ [Y.i,BG], 
we denote by Vc{M)x„,xi the following restriction of the map Vc{M): 

Vc(So)^^^^Vc(Si) 



^c(M)xo,xi 

We have the following splitting: 

(15) Vc(M),„,,, = Hc{M,y)x,,x„ 

yG[M,BG](So,xo),(Ei.xi) 



7. Maximal decomposition of the Turaev-Viro TQFT 

In this Section we will compare the different decompositions of the Turaev- 
Viro TQFT. The decomposition obtained from the universal graduation will be 
the maximal decomposition. 

Let C be a spherical category, (G,p) be a graduation on C, / : Fc — > G the 
group morphism obtained form the universal property of the graduator (Proposition 
12. ip and E be a closed and oriented surface endowed with a triangulation T. For 
every homotopy class x e [M, BG] the vector space V^^'''^(I]) is the image of the 
idempotent p'^x x ^^'^ this idempotent is obtained form the vector HTV^^'^\t, x 
/, la;). Using Theorem 15. 2[ we have the following decomposition of the vector 
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HTV^'^'^\y. X /, 1^), for every x £ [T.,BG] and for every cq e Colf'^\To) we 
have: 

where F : [S x I,BTc] [T, x I,BG] is the map induced by / (Lemma ISAj) . We 
have shown that Coli^'PHTo)^ Y[ Co/^'^ (To), furthermore we have: 

[M, Src](E,a:),(S,a:') | ^'^^ x^x' . 

It follows that: 

7JTF(^^f)(Ex/,co,l.)= J2 HTV^'^i^.co.ly), 

ydF-^x) 

where Fj^ is the restriction of F to E. Let us take the image of the induced 
idempotent, one gets: 

V(S,x)= V(i^-'l?l)(S,y). 

We obtain in the same way a decomposition of linear map defined by the HQFT. 
It follows: 

Theorem 7.1. Let C he a spherical category, {G,p) be a graduation of C. The 
Turaev-Viro HQFT obtained from the graduation iG,p) is decomposed in the fol- 
lowing way: 

Vt'\^,^)= Vc^'^(S,y), 

yeF-^x) 

for every closed surface E, and for every x e [EjSG], the map F : [E,i3rc] 
[EjSG] is the map obtained from the universal graduation (Lemma \5.1]) . 
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